The purpose of this paper is to study a viscosity iterative algorithm for finding a common element of the set of solutions of a general variational inequality problem for two inverse strongly accretive operators and the set of fixed points of a δ-strict pseudocontraction in a real q-uniformly smooth Banach space. Some strong convergence theorems are obtained under appropriate conditions. As an application, we prove some strong convergence theorems for fixed point problems and variational inequality problems or equilibrium problems in Hilbert spaces. These results improve and extend the corresponding results announced by many others.
Introduction
Let C be a subset of a real Banach space X and T be a mapping from C into itself. In what follows, we use F(T) to denote the set of fixed points of T. Let X * be a dual space of X and q >  be a real number. We recall that the generalized duality mapping J q : X →  X * is defined by J q (x) = x * ∈ X * : x, x * = x q , x * = x q- , ∀x ∈ X.
In particular, J = J  is called a normalized duality mapping and J q (x) = x q- J  (x) for x = .
We know that J q is single-valued if X is smooth, which is denoted by j q . Now we recall the following definitions.
A mapping T : C → C is said to be L-Lipschitzian if there exists a constant L >  such that
Tx -Ty ≤ L x -y , ∀x, y ∈ C.
(.)
A mapping T : C → C is said to be nonexpansive if
Tx -Ty ≤ x -y , ∀x, y ∈ C. (  .  )
A mapping f : C → C is said to be a contraction if there exists a constant α ∈ (, ) such that f (x) -f (y) ≤ α x -y , ∀x, y ∈ C.
(  .  )
We use C to denote the collection of all contractions on C. A mapping T : C → C is called a λ-strict pseudocontraction if there exists a constant λ ∈ (, ) such that Tx -Ty, j q (x -y) ≤ x -y q -λ (I -T)x -(I -T)y q (.)
for every x, y ∈ C and for some j(x -y) ∈ J(x -y). A mapping A : C → X is said to be α-inverse-strongly accretive if there exist j q (x -y) ∈ J q (x -y) and a constant α >  such that Ax -Ay, j q (x -y) ≥ α Ax -Ay q , ∀x, y ∈ C.
(  .  )
In recent years, a variational inequality problem in Hilbert spaces and Banach spaces has been studied by many authors, see [-] and the references therein.
Let C be a nonempty closed convex subset of a real Hilbert space H. The classical variational inequality problem is to find x * ∈ C such that
Recently, Ceng et al. [] considered the following general variational inequality problem of finding (x * , y * ) ∈ C × C such that
where λ >  and μ >  are two constants and A, B : C → H are two operators. In particular, if A = B and x * = y * , then problem (.) reduces to the classical variational inequality problem (.). Let C be a nonempty closed convex subset of a smooth Banach space X and A : C → X be an accretive operator. Aoyama et al. [] first considered the following generalized variational inequality problem in Banach spaces which is finding a point x * ∈ C such that
Very recently, Yao et al.
[] considered the following problem of finding (x * , y * ) ∈ C × C such that
which is called the system of general variational inequalities in a real Banach space, where A, B : C → X are two operators.
For finding a common element of the set of solutions of problem (.) and the set of fixed points of a nonexpansive mapping T, Ceng et al. [] introduced the following iterative algorithm:
and proved a strong convergence theorem under some suitable conditions.
Yao et al.
[] studied the following iterative algorithm:
and proved that the sequence {x n } converges strongly to an element of the set of solutions of problem (.) under appropriate conditions. Let C be a nonempty closed convex subset of a real Banach space X. For given two operators A, B : C → X, we consider the problem of finding (x * , y * ) ∈ C × C such that
where λ >  and μ >  are two constants. When λ = μ =  and q = , problem (.) reduces to problem (.). When X is a Hilbert space, problem (.) becomes problem (.). Therefore problem (.) contains (.) or (.) as a special case. We also note that problem (.) was studied by Cai and Bu [] when q = . In this paper, we introduce a viscosity iterative algorithm for finding a common element of the set of solutions of a general variational inequality (.) and the set of fixed points of a δ-strict pseudocontraction in a real q-uniformly smooth Banach space. Then we prove some strong convergence theorems under suitable conditions. The results obtained in this paper extend and improve the results of Ceng et al. 
Preliminaries
A Banach space X is called uniformly smooth if
is the modulus of smoothness of X which is defined by
A Banach space X is said to be q-uniformly smooth if there exists a constant c >  such that ρ X (t) ≤ ct q . If X is q-uniformly smooth, then q ≤  and X is uniformly smooth.
Let C and D be two nonempty subsets of X such that C is nonempty closed convex and D ⊂ C. We say that a mapping Q : C → D is sunny if Q(Qx + t(x -Qx)) = Qx, whenever Qx + t(x -Qx) ∈ C for x ∈ C and t ≥ . A mapping Q : C → D is said to be a retraction if Qx = x for any x ∈ D. Q is called a sunny nonexpansive retraction from C onto D if Q is a retraction from C onto D and Q is sunny and nonexpansive. A retraction Q is said to be orthogonal if for each x, x -Q(x) is normal to D in the sense of James [] .
We know that a projection mapping is a sunny nonexpansive retraction Q of X onto C (see Bruck [] ). If X is a real smooth Banach space, then Q is an orthogonal projection of X onto C if and only if
(  .  )
In order to prove our main results, we need the following lemmas. 
Lemma
for all x, y ∈ X. In particular, if X is a real -uniformly smooth Banach space, then there exists a best smooth constant K >  such that
Lemma . ([])
Assume that {a n } is a sequence of nonnegative real numbers such that a n+ ≤ ( -α n )a n + δ n , n ≥ , where {α n } is a sequence in (, ) and {δ n } is a sequence in R such that
Then lim n→∞ a n = .
Lemma . ([])
Let {x n } and {z n } be bounded sequences in a Banach space X, and let {β n } be a sequence in [, ] which satisfies the condition  < lim inf n→∞ β n ≤ lim sup n→∞ β n < .
Lemma . ([]) Let C be a nonempty convex subset of a real q-uniformly smooth Banach space X and T
: C → C be a λ-strict pseudocontraction. For α ∈ (, ), we define T α x = ( -α)x + αTx. Then, as α ∈ (, μ], μ = min {, { qλ C q }  q- }, T α : C → C is nonexpansive such that F(T α ) = F(T).
Lemma . ([]) Let X be a q-uniformly smooth Banach space, C be a closed convex subset of X, T : C → C be a nonexpansive mapping with F(T) = ∅ and f ∈ C with contractive constant α ∈ (, ). Then {x t } defined by x t = tf (x t )+(-t)Tx t for t ∈ (, ) converges strongly to a point in F(T). If we define Q
then Q(f ) solves the following variational inequality:
Lemma . ([]) Let C be a closed convex subset of a real q-uniformly smooth Banach space X, and let T : C → C be a nonexpansive mapping with F(T)
= ∅. Assume that {x n } is a bounded sequence such that x n -Tx n →  as n → ∞. Let x t = tf (x t ) + ( -t)Tx t , ∀t ∈ (, ), where f ∈ C with contractive constant α ∈ (, ). Assume that Q(f ) := lim t→ x t exists. Then lim sup n→∞ (f -I)Q(f ), j q x n -Q(f ) ≤ .
Lemma . Let X be a q-uniformly smooth Banach space. Let C be a nonempty closed convex subset of X, and let S : C → C be a nonexpansive mapping and T : C → C be a δ-strict pseudocontraction such that F(S) ∩ F(T) = ∅. Let W be a mapping from C into itself defined by Wx
= [( -α)I + αT]Sx for any x ∈ C, where α ∈ (, μ), μ = min {, { qδ C q }  q- }.
Then F(W ) = F(S) ∩ F(T).
Proof First we show that
which implies that
Therefore we obtain
It follows that
This implies that x ∈ F(S). By (.) and (.), we have x = Sx = TSx = Tx, and hence
This proof is complete.
Lemma . Let C be a nonempty closed convex subset of a real q-uniformly smooth Banach space X. Let the mapping A : C → X be α-inverse-strongly accretive. Then we have
Proof For all x, y ∈ C, we have by Lemma .
Therefore when λ ≤ (
Lemma . Let C be a nonempty closed convex subset of a real q-uniformly smooth Banach space X. Let P C be a sunny nonexpansive retraction from X onto C. Let the mapping A : C → X be α-inverse-strongly accretive, and let B : C → X be β-inverse-strongly accretive. Let G : C → C be a mapping defined by
Proof For all x, y ∈ C, it follows from Lemma . that 
Main results
Theorem . Let C be a closed convex subset of a real q-uniformly smooth Banach space X (q > ) which is also a sunny nonexpansive retraction of X. Let the mapping A : C → X be α-inverse-strongly accretive, and let B : C → X be β-inverse-strongly accretive. Let f ∈ C with the coefficient  < η <  and T : C → C be a δ-strict pseudocontraction such that
where G is defined by Lemma .. For given x  ∈ C, let {x n } be a sequence generated by
where Q C is a sunny nonexpansive retraction of X onto C,  < λ ≤ (
Suppose that {α n }, {β n } and {γ n } are sequences in [, ] satisfying the following conditions:
Then {x n } converges strongly to Q(f ), where Q(f ) ∈ F solves the following variational inequality:
Proof First we prove that {x n } is bounded. Let W : C → C be a mapping defined by Wx = T θ Gx for all x ∈ C. By Lemma .
, we have F(W ) = F(G) ∩ F(T).
It follows from Lemma . that T α is nonexpansive, then W is also nonexpansive. We can rewrite (.) as
Take p ∈ F, by (.), we have
by induction. This implies that {x n } is bounded. Next we show that lim n→∞ x n+ -x n = . Put x n+ = β n x n + ( -β n )l n , then we have
By condition (ii), we have that
By Lemma ., we obtain lim n→∞ l n -x n = . Therefore,
Again using (.), we have
which implies
By conditions (i)-(iii) and (.), we have
Let Q(f ) = lim n→∞ x t and x t be the unique fixed point of the contraction T t : C → C given by
In view of Lemma ., we obtain Q(f ) ∈ F(W ) = F which solves the following variational inequality:
By Lemma . and (.), we get
where z = Q(f ). Finally we prove that x n → z as n → ∞. In fact, by Lemma ., we have
Applying Lemma . to (.), we obtain that x n → z as n → ∞. This completes the proof.
Corollary . Let C be a closed convex subset of a real -uniformly smooth Banach space X which is also a sunny nonexpansive retraction of X. Let the mapping A :
C → X be α-inverse-strongly accretive, and let B : C → X be β-inverse-strongly accretive. Let f ∈ C with the coefficient  < η <  and T : C → C be a δ-strict pseudocontraction such that
where Q C is a sunny nonexpansive retraction of X onto C,
where K is the -uniformly smooth constant. Suppose that {α n }, {β n } and {γ n } are sequences in [, ] satisfying the following conditions:
Then {x n } converges strongly to Q(f ), where Q(f ) ∈ F solves the variational inequality
Proof Take q =  in Theorem ., we obtain the desired result by Theorem ..
Corollary . Let C be a closed convex subset of a real Hilbert space H. Let the mapping A : C → H be α-inverse-strongly accretive, and let B : C → H be β-inverse-strongly accretive.
Let f ∈ C with the coefficient  < η <  and T : C → C be a δ-strict pseudocontraction such that F := F(G) ∩ F(T) = ∅, where G is defined by Lemma .. For given x  ∈ C, let {x n } be a sequence generated by
where  < λ ≤ α,  < μ ≤ β and T θ : C → C is a mapping defined by T θ x = ( -θ )x + θ Tx, where θ ∈ (, ρ), ρ = min {, δ}. Suppose that {α n }, {β n } and {γ n } are sequences in [, ] satisfying the following conditions:
Proof We note that if X is a Hilbert space, then H is -uniformly smooth and C q = , therefore we obtain the desired result by Theorem .. because we do not need to use the relaxed extragradient method. In fact, in the course of proof of Theorem ., Lemma . plays an important role. By using Lemma ., we can transform our iterative algorithm (.) into more uncomplicated form (.). In this way, we simplify the proof of Theorem ..
Applications
(I) Application to variational inequality problems for two strict pseudocontractive mappings in Hilbert space.
Definition . A mapping T : C → C is said to be a k-strict pseudocontractive mapping if there exists k ∈ [, ) such that
-inverse-strongly accretive mapping. In fact, from (.) we have
On the other hand,
Hence we have
This shows that A is a -k  -inverse-strongly accretive mapping. For given x  ∈ C, let {x n } be a sequence generated by
where
Proof Taking . On the other hand, we have
The conclusion of Theorem . can be obtained from Theorem . immediately.
(II) Application to equilibrium problems. Let φ : C × C → R be a bifunction, where R is a set of real numbers. The equilibrium problem for the function φ is to find a point x ∈ C such that φ(x, y) ≥  for all y ∈ C.
(.)
The set of solutions of (.) is denoted by EP(φ). For solving the equilibrium problem, we assume that the bifunction φ satisfies the following conditions (see [] This implies that T r x -T r y ≤ x -y , ∀x, y ∈ H, i.e., T r is nonexpansive; () F(T r ) = EP(φ), ∀r > ; () EP(φ) is a closed and convex set.
Combining Lemma . and the proof of Theorem ., we obtain the following result.
Theorem . Let C be a closed convex subset of a real q-uniformly smooth Banach space X (q > ) which is also a sunny nonexpansive retraction of X. Let f ∈ C with the coefficient  < η <  and T, S : C → C be a δ-strict pseudocontraction and a nonexpansive mapping, respectively, such that F := F(S)∩F(T) = ∅. For given x  ∈ C, let {x n } be a sequence generated by x n+ = α n f (x n ) + β n x n + γ n T θ Sx n , n ≥ , ( 
Using Theorem ., we can obtain the following strong convergence theorem for the fixed point problem of a strict pseudocontraction and the equilibrium problem in a Hilbert space.
Theorem . Let C be a nonempty closed convex subset of a real Hilbert space H. Let
: C × C → R be a bifunction satisfying conditions (A)-(A). Let T : C → C a δ-strict pseudocontraction such that F = F(T) ∩ EP( ) = ∅. Let f : C → C be an η-contraction with η ∈ (, ). Suppose that {α n }, {β n } and {γ n } are three real sequences in (, ) satisfying the following conditions:
(i) α n + β n + γ n = ; (ii) lim n→∞ α n = , ∞ n= α n = ∞; (iii)  < lim inf n→∞ β n ≤ lim sup n→∞ β n < . For any x  ∈ C, let {x n } be a sequence generated by u n ∈ C such that (u n , y) +  r y -u n , u n -x n ≥ , ∀y ∈ C, x n+ = α n f (x n ) + β n x n + γ n T θ u n , n ≥ , (.)
where T θ : C → C is a mapping defined by T θ x = ( -θ )x + θ Tx, where θ ∈ (, ρ), ρ = min {, δ}. Then {x n } converges strongly to z, where z ∈ F solves the following variational
